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We extend cubical type theory [2] with a notion of stream type where two bisimilar
streams can be proven equal according to path equality. In the style of copatterns, corecur-
sive definitions for streams will only compute when head or tail projections are applied to
them. Semantics are given by final coalgebras in (arbitrary) cubical sets. This extension is
implemented as part of Agda “fcubical”ﬂ

In short:

e Given a Kan cubical set A, we build the Kan cubical set of streams SA by using a
final coalgebra of Ax in arbitrary cubical sets and then show by the universal property
that it supports a composition structure.

e Since SA’s universal property is with regard to arbitrary cubical sets we can build
maps I — SA, and so paths, by corecursion, exposing the coinductive nature of the
propositional equality of streams.

e In cubical type theory we internalize the above by an extended unfold combinator for
streams; and in the Agda implementation we do the same by allowing path abstraction
within copattern definitions.

Following [3] we could derive a form of dependent elimination for streams that does not
break subject reduction, by transporting along the propositional n-law.

The Agda implementation supports a general notion of (coinductive) records, we con-
jecture that they can be justified by a semantics analogous to the one we give here for the
stream type.

Ahrens et al.[I] have already shown M-types are definable within homotopy type theory
(as homotopy limits of chains). The current note differs by providing the expected universal
property for a primitive stream type, whose representation is more amenable to efficient
computation.

1 Typing and Conversion rules

In the following we omit the congruence and commuting with substitions rules for the
conversion relation. The expression S A denotes the type of streams with elements in A,
together with head and tail projections ¢.hd and t.tl.

A 'Ft:S A '-¢t:SA
r-s A '+t¢hd: A F-¢tl:S A

lon Agda’s master branch



We then provide an unfold combinator to build streams, this keeps the calculus small
and easy to give semantics to while the implementation provides definitions by copatterns,
which are more convenient to use.

X 'Fa: X - Ax X 'Ft: X
'k NeFu: X—S A
Tyo,z: X F(uz)hd=(azx).l
Lo, : X F(uz)tl=u(ax).2

I'Funfoldx [p—u]at:S Alp — u t]

I'F (unfold [p— u] at).hd=(at).1:S A
I' F (unfold [ — u] a t).tl =unfold [p — u] a (at).2:S A

Our unfold takes an extra [p +— u] argument because it not only witnesses that from any
coalgebra a : X — A x X we can build a map X — S A that strictly commutes with OEL
but also that any such partial map u can be extended to a total one. In other words unfold
shows the contractibility of the typeE| of strict coalgebra morphisms into S A.

Composition for streams is characterized by commuting with the head and tail projec-
tions.

It (comp’ (S A4) [¢ > u] ag).hd = comp® A [p+> u.hd] ap.hd : A
[+ (comp® (S A) [p — u] ag).tl =comp® (S A) [p+> u.tl | ag.tl :S A

2 Examples

Bisimulation.

I'FA TFR:(zy:SA)—U
I'FRyg:(zry:S A — Rry — Paths x.hd y.hd
F'Ry:(xy:SA) = Rrxy— R z.tly.tl
I'F bisimg g,y Ry = Az y 7. () unfold S (A(x,y,7). Rha 7 @, (z.tl,y.tl, Ry 7)) (z,9,7)
i(zy:SA) > Raxy— Pathsg z y

where S = [(i =0) = A(z,y,7).2, (i =1) = Nz, y,7). Y]
Note that we can derive the following equalities that show how bisim computes under head
and tail, these are also how bisim can be defined by direct recursion in the implementatiorﬂ

(bisimpg gy my Yy T i).hd=Rygzyri
(bisimg g,y my Y ri).tl =bisimg g, g, ztlytl (Ruzyr)i

Uniqueness of unfold Here we prove that unfoldx a : X — S A is the unique coalgebra
morphism from (X, a).

2as a coalgebra morphism would

3although non-fibrant
4https://github.com/Saizan/cubical-demo/blob/master/Stream.agda
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r-X 'Fa: X - AxX I'th:X—>S A
T'Fppa: (x: X) — Pathy (b x).hd (a 2).1
TFopy:(x: X)— Paths 4 (h 2).tl (b (a 2).2)

I't=ns = Az.(i) unfold (1. x)x (s:5 A)xPaths 4 s (ha) S b (2, hx, (i) hx)

: Pathx _,s 4 h (unfoldx a)

where
S =i =0) = Az, s,p).s, (1 =1) — A, s,p).unfoldx a z]
b = Az, s,p). (trans ((i) (pi).hd) (pha @) %, ((a x).2, s.tl, trans ((i) (pi).tl) (pu x)))

transa ;. = Apq.(i) comp? A[(i =0) — z, (i =1) — qj] (pi)

It might have been more natural to take ns and unfoldx : (A - X x A) — S A as the
primitives, instead of our more general unfold, however we believe that the resulting system
would have been less convenient in the sense that equality proofs for streams would be less
direct.

3 Semantics

We provide semantics in cubical sets by using final coalgegras in sets and lifting them
pointwiseﬂ The computation rules for comp’ (S A) and unfold already suggest how to
intepret them via coalgebras.

For any set A we fix a final coalgebra of the functor Ax and call it (S A4, (hd,tl)) and
call anag (X, f) : X — S A the unique coalgebra morphism from any coalgebra (X, f). So
that hd (anays (X, f) ) = (f z).1 and tl (anas (X, f) ) = anas (X, f) (f z).2 where we
reuse the .1 and .2 notation for set theoretic pairs. We will often omit the subscript A.

Definition 1 (Stream type). Given A € Ty(I") we define S(A) € Ty(I") by setting S(A)p =
S (Ap) for p e T'(I).
Given t € S(A)p and f: I — J we define tf as anas(,) (S (Ap),s = (hd(s)f,tl(s))) t.

Remark 2 (Naturality of projections). For p € I'(I) and s € S(A)p, we have hd(s)f = hd(sf)
and tl(s)f = tl(sf).

Proof.
hd(s) f
= hd(ana(,f) (S (Ap),s — (hd(s)f,tl(s))) t)
— hd(sf)

tl(s) f

=anay(,p) (S (Ap),s — (hd(s)f,tl(s))) (tl(s))
= t:ga;impf) (S (Ap),s = (hd(s) f,tl(s))) s)
=tl(s

O

Definition 3 (.hd and .tl). Given then ¢ € Ter(I';S(A)) we define .hd(t) € Ter(I'; A) and
l(t) € Ter(T'; S(A)) by setting .hd(t)p = hd(tp) and .tI(t)p = tl(tp) for p € T'(I).

5as one would do for limits in presheaf categories, non-coincidentally



Definition 4 (unfold). Given X € Ty(I'), ¢ € Ter(I;F), u € Ter(I', p; X — S(A4)), a €
Ter(T; A — X x A), t € Ter(T'; X), we define unfold(X, ¢, u,a,t) € Ter(T';S(A)) by setting
unfold(X, p, u,a,t)p = ana (Xp, (ap)1) (tp) for p € T(I).

Theorem 5 (unfold under ¢). By the previous assumptions about u and a and

hd((up)1 t) = ((ap)1 1).1
Vp € (I',¢)(I) and t € Xp, t|((upl))1 t) = (up)fl) ((ap)1 t).2

we have unfold(X, o, u, a,t)p = (up)1 (tp) for p € (T, p)(I).
Proof. By uniqueness of ana (Xp, (ap)1). O
The computation rules for unfold follow directly from the behaviour of ana.

Definition 6 (Composition). Given A € Ty(T'), we give a composition structure for
S(A) € Ty(I'). Assuming I, ¢ ¢ I, p € T'(1,i), ¢ € F(I), u € Ter(y(I,%),¢; S(A)pty),
and ag € S(A)p(i0) with agt, = u(i0), we define compg 4y (1,4, p, p,u,a0) € S(A)p(il) by
comps (1,1, p, ¢, u,a0) = ana (Xy 4, coalgs; , ) (u,a0) where

X1ip = {(u,a0)|u € Ter(y(I,4),p;S(A)pty), ap € S(A)p(i0) with age, = u(i0)}
coalglyi,p_yw(u,ao) = (comp 4 (1,14, p, , hd(u), hd(ag)), (tl(u), tl(ap)))
We show that for any f: 1 — J and j ¢ J,
(compg 4y (1, i, p, 0, u, a0)) f = compsa)(J, J, p(f, i = j), o f,u(f,i = j), a0 f)
Proof.

(comps4)(Z, i, p, 0, u, a0)) f

= (ana (XI,i,p,wcoalgI,i,p,ga) (u,a0))f

=< by uniqueness > ana (Xy; o, p > ((coalg;; , ,(p)-1)f,coalg; ; , ,().2)) (u,a0)
=< by uniqueness > ana (XJ,jyp(f,i:j)’@f,coalgj,jw(f’i:j))@f) (u(f,i=7),a0f)

= CompS(A)(J7j7p(f7i :])7<pf7u(f77f :j)va()f)
L]

By definition the compg 4y map commutes with the hd and tl projections stricly, which
in turn verifies the computation rules for comp® (S A):

hd(compS(A) (Iv i7 P, P, U, aO)) = CompA(Ia ia 1282 hd(u)v hd(a()))
tI(compS(A) (I,i,p,0,u,a0)) = compS(A)(I,i, p, @, tl(u), tl(ag))

Theorem 7 (Fibrant Stream type). Given A € FTy(T") we have S(A) € FTy(T'). Moreover,
S(A)o =S(Ao) € FTy(A) for allo: A —T.

Proof. We define S(A) € FTy(I") as (S(A4) € Ty(I'),compg(4). Given o : A — T, both
S(A)op = S(Ac)p and compg ) (1,7, 0p, ¢, u,ap) = compg4,) (1,4, p, §, u, ag) follow direcly
by expansion, because in the definitions the only uses of the environment are in relation to
the type of elements or its composition structure. O
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